We consider the Lie algebra g of a simple, simply connected algebraic group over a field of large positive characteristic. For each nilpotent orbit O Ď g we choose a representative e P O and attach a certain filtered, associative algebra p U pg, eq known as a finite W -algebra, defined to be the opposite endomorphism ring of the generalised Gelfand-Graev module associated to pg, eq. This is shown to be Morita equivalent to a certain central reduction of the enveloping algebra of U pgq. The result may be seen as a modular version of Skryabin's equivalence.
Introduction
1.1 A complete classification of irreducible representations of the Lie algebras associated to reductive algebraic groups in positive characteristic p has remained elusive since the commencement of the theory. It is known that all such representations are finite dimensional, and a fundamental observation of Kac and Weisfeiler shows that they all factor through certain finite dimensional quotients U pgq ։ Uχpgq called reduced enveloping algebras. Twenty years ago Premet obtained lower bounds on the dimensions of Uχpgq-modules [18] under mild assumptions on p, confirming a long-standing conjecture of [11] . These bounds soon led him to define two families of algebras [19] : the restricted finite W -algebras and the ordinary finite W -algebras over C. It was immediately demonstrated that the reduced enveloping algebra is a matrix algebra over the restricted finite W -algebra, whilst the ordinary finite W -algebra has allowed wonderful progress to be made in the representation theory of complex semisimple Lie algebras (see [12] for example). In this paper we consider the finite W -algebra p U pg, eq, which is defined as the opposite endomorphism ring of the mod p reduction of the ordinary generalised Gelfand-Graev module. We prove an unrestricted version of the matrix isomorphism theorem mentioned above, which should be seen as a modular version of Skryabin's equivalence, and which (we hope) shall pave the way for similar progress to be made in the representation theory of modular Lie algebras.
1.2 Let G be a simple, simply connected algebraic group over an algebraically closed field of very good characteristic p ą 0, and let g be its Lie algebra. For χ P g˚we make the notation dpχq :" 1 2 dim Ad˚pGqχ;
Dpχq :" p dpχq .
Since g -g˚as G-modules (see [25, Lemma I.5.3] , for example) we may transfer the notions of nilpotent and semisimple to elements of g˚and in order to understand the representation theory of g it is sufficient to study representations of reduced enveloping algebras Uχpgq where χ P gi s nilpotent (see Section 2 for more detail). The nilpotent orbits are classified by the Bala-Carter theorem and we begin by choosing a label X corresponding to a nilpotent coadjoint orbit O. Following the work of Premet ([21] , [22] ) we choose an element χ P g˚associated to a nilpotent element e P g and attach a nilpotent algebra m Ď g with nice properties. This algebra is obtained by reduction modulo p, which can only be carried out provided p is larger than an unknown bound, for the rest of the section we assume that p is larger than the number ΠpXq introduced in Definition 4.1. Note that this bound depends upon Φ, X and a certain choice of nilpotent element in the corresponding complex simple Lie algebra. Later on (Remark 3.9) we shall explain why it is not yet theoretically possible to calculate ΠpXq, or even to bound it. An approach which relaxes this bound will be considered in a forthcoming article [4] joint with Simon Goodwin.
1.3
The linear form χ restricts to a character on m, and the corresponding one dimensional module χ has p-character χ|m. The induced module Q as a left g-module, and isomorphic to Mat Dpχq U rps pg, eq as algebras. The purpose of this article is to prove analogues of this theorem for the unrestricted GGG module and FWA. We shall shall call the following pair the "generalised Gelfand-Graev module" and "finite W -algebra" respectively Qχ :" U pgq â U pmq χ; p U pg, eq :" EndgpQχq op .
These are defined in parallel with the more famous finite W -algebra over C, which we shall call the ordinary FWA in this article. See Remark 3.7
for a comparison of the various definitions of modular finite W -algebras which occur in [21] and [22] .
1.4
The enveloping algebra U pgq is a free module of finite rank over its p-centre Z0pgq and the latter algebra is isomorphic to Spgq p " tf p : f P Spgqu which identifies naturally with the coordinate ring rpg˚q p1q s on the Frobenius twist of g˚. Write m K Ď g˚for the space tf P g˚: f pmq " 0u. Since pg˚q p1q identifies with g˚as topological spaces we may denote by Ipmq the prime ideal of Z0pgq consisting of regular functions vanishing on χ`m K and consider the central reduction
The following theorem is the main result of this paper. Its consequences and generalisations shall be discussed following the proof which is given in Section 5. In particular, let r be a restricted Lie algebra over any field of positive characteristic, ξ P r˚and n Ď r a ξ-admissible algebra in the sense of definition 2.3 in op. cit. We write ξ for the one dimensional representation of n afforded by ξ. Let I be the ideal of Z0prq vanishing on ξ`n K . Then we conjecture that U prq Â U pnq ξ is a projective U prq{IU prq-module and
1.5 This paper is organised as follows. In Section 2 we recall some classical results which reduce the study of representations of g to the study of Uχpgq-modules as χ varies over a set of representatives for the nilpotent coadjoint G-orbits. In Section 3 we recall the process of reduction modulo p for finite W -algebras and recall some of their fundamental properties, first discovered by Premet. The first paragraph of Section 4 is pivotal, as it is there that we explain how to reverse engineer the reduction modulo p process. In other words, we explain how to choose a root system Φ, a Bala-Carter label X corresponding to a nilpotent orbit and a nilpotent element e in the complex Lie algebra corresponding to Φ. From these pieces of data we can choose a lower bound ΠpXq on the characteristic p of such that for p ą ΠpXq we are able to reduce e into the corresponding Lie algebra g defined over , define χ in the associated coadjoint orbit and construct m and hence p U pg, eq by reduction modulo p. At this point we will have placed our discussion in the context of the main theorem. In Section 4 we consider central reductions of enveloping algebras and their modules and prove some general facts, which are immediately applied to the GGG modules. In Section 5 we supply the proof of the main theorem and prove a corollary which states that Qχ is a projective generator for U Ipmq pgq -mod. Some of the most celebrated applications of ordinary finite W -algebras are their applications to the representation theory of complex semisimple Lie algebras (see [13] , [23] and the references therein). The most fundamental result of this nature is the celebrated Skryabin equivalence which describes an equivalence between the category of modules for the ordinary finite W -algebra and a certain full subcategory of modules for the associated enveloping algebra, the category of so-called generalised Whittaker modules (first proven in [19, Appendix] ; see (6.1) for a summary). Our main theorem may be seen as a modular version of Skryabin's equivalence and we make this comparison explicit in Theorem 6.1 of Section 6. In Section 7 we recall an important theorem proven independently by Premet, Losev and Ginzburg which characterises the simple modules which are obtained from Skryabin's equivalence (over Cq in terms of their associated varieties. We show that in the modular case, the modules obtained from Skryabin's equivalence can be characterised in a very similar manner, with decomposition classes of p-characters replacing associated varieties (Theorem 7.2). In the last section we obtain a vast generalisation of the main theorem: for each ideal I Z0pgq containing Ipmq we prove that the algebra U pgq{IU pgq is a matrix algebra of rank Dpχq over a certain quotient of p U pg, eq which we describe fairly explicitly (Theorem 8.2). Our final result, Corollary 8.4, clarifies the relationship between restricted and unrestricted modular finite W -algebras.
1.6
Given the interest surrounding ordinary finite W -algebras in the past thirteen years and the numerous breakthroughs regarding ordinary representations of Lie algebras, it is the author's hope that similar progress may be made in the modular case using these finite W -algebras. Losev famously constructed the ordinary finite W -algebra as as the Fedesov quantisation of the Poisson algebra structure which occurs naturally on the Slodowy slice [13] . Although the theory of Fedesov quantisation in positive characteristics has only recently started to be developed in [1] it is natural to wonder whether there exists a description of p U pg, eq comparable to Losev's.
as G-modules. Recall that G is a simple, simply connected algebraic group over . The fact that g " LiepGq endows g with a G-equivariant restricted structure which we denote by x Þ Ñ x rps . The enveloping algebra U pgq is naturally filtered U pgq " Ť iě0 Uipgq and the PBW theorem states that the associated graded algebra gr U pgq is the symmetric algebra Spgq. The p-centre Z0pgq Ď U pgq is the central subalgebra generated by expressions x p´xrps with x P g. As x Þ Ñ x rps is G-equivariant, Z0pgq is isomorphic to Spgq p :" tf p : f P Spgqu as G-modules which, in turn, is isomorphic to the coordinate ring rpg˚q p1q s. This isomorphism leads to an explicit description of the maximal spectrum
For χ P g˚the map x p´xrps Þ Ñ χpxq p extends to an algebra homomorphism Z0pgq Ñ and the kernel is denoted Iχ. Now the bijection in (1) can be made explicit: to each χ P g˚we associate the maximal ideal
2.2 The reduced enveloping algebra with p-character χ P g˚is defined
Uχpgq :" U pgq{IχU pgq.
It has dimension p dimpgq and every simple g-module factors through precisely one of the quotients U pgq ։ Uχpgq. The restricted structure on g allows us to define the notions of nilpotent and semisimple elements of g, and these definitions play an important role in representation theory. According to [5, Theorem 2.3 .5] the usual Jordan decomposition theorem holds in this case. The nilpotent orbits are classified by the Bala-Carter method, later improved in [16] and [20] . There are two features of the classification pertinent to our current discussion:
1. there are finitely many nilpotent orbits; 2. the labels which classify the orbits are the same in every good characteristic. These are referred to as "Bala-Carter labels" in this article.
2.3
Since the characteristic has been assumed to be very good we can pick an isomorphism g Ñ g˚. This allows us to transfer the Jordan decomposition to elements of g˚, which subtends the notion of a nilpotent or semisimple p-characters. " tx P g : ad˚pxqχs " 0u is the Lie algebra of a Levi subgroup L of G such that the simple factors of rL, Ls satisfy the same hypotheses we have placed on G. Using a reduction argument this allows us to assume that the p-character is supported on the centre of g. Another easy reduction allows to to suppose that in fact χs " 0 (see [10, B.8, B.9] for more detail). If we are interested in understanding the representation theory of g then our remarks thus far indicate that we may focus our attention on reduced enveloping algebras with nilpotent p-characters. Furthermore, the adjoint action of G on U pgq induces isomorphisms Uχpgq -U Ad˚pgqχ pgq which shows that it suffices to allow χ to vary over a finite set of representatives of the nilpotent coadjoint orbits.
3 Reducing the ordinary finite W -algebra modulo p
3.1
The purpose of this section is to recall the details of the reduction modulo p process for finite W -algebras which was used to great effect by Alexander Premet in [21] and [22] . Although the setup here is very similar to those two papers, it is identical to neither and so we we must recall this process in full. The notation of the current section shall be slightly different to the others since we cannot fix a single choice of prime characteristic throughout.
3.2 Fix throughout this section a reduced, indecomposable, crystallographic root system Φ. We let G0 be a simple, simply connected algebraic group over C with root system Φ and Lie algebra g0 " LiepG0q. Choose a Bala-Carter label X associated to the root system. Choose a Chevalley basis B for g0 and let g Z denote the corresponding Chevalley Z-form. We denote by κ0 : g0ˆg0 Ñ C the Killing form. For any good prime characteristic p we write p :" Fp with identity element 1p. Denote by Gp the simple, simply connected algebraic group over p with root system Φ and by gp its Lie algebra, which we identify with g Z Â Z p. The construction of the ordinary finite W -algebra begins with a choice of element in the orbit O assoiated to X. 3.3 For each root system and each nilpotent orbit in g0 a choice of such e shall remain fixed throughout this section. Since the Jacobson-Morozov theorem holds over g Q :" g Z Â Z Q we can choose an sl2-triple pe, h, f q in g Q . The form κ0 can be rescaled to a form p¨,¨q0 : g0ˆg0 Ñ C with pe, f q0 " 1.
Definition 3.2. We say that a ring
ZrS´1s where S is a finite set of prime numbers containing:
• all primes which are not very good for Φ;
• all prime factors of the determinant of the Gram matrix pκpb1, b2qq
• all of the prime factors of κ0pe, f q, which is an integer by sl2-theory.
We denote by πpAq the set of all primes p P Z with pA ‰ A.
We pick an admissible ring now (say, the smallest one) although as this section progresses we shall enlarge A at several points. Whenever we consider p in this section we will be assuming that p P πpAq where A is the admissible ring which we have fixed at that moment. Proof. By definition A " Zrp´1 1 , ..., p´1 r s for primes p1, ..., pr P Z and so for p R tp1, ..., pru we have A{pA -pZ{pZqrp´1 1 , ..., p´1 r s -Fp since p1, ..., pr are all invertible in Z{pZ. For the second claim notice that πpAq " tprimesuztp1, ..., pru and so we may take ΠpAq :" maxtp1, ..., pru1 .
3.4
We aim to construct the ordinary finite W -algebra along with an Aform. This will lead immediately to the mod p reduction of the finite W -algebra, for each p P πpAq. The element h P g Q induces a grading g0 " À iPZ g0piq where g0piq :" tx P g0| adphqx " ixu.
. Let gA be the free A-module on B, endowed with the structure of an A-Lie algebra. When p P πpAq we identify the restricted Lie algebra gp with gA Â A p. After enlarging A by inverting a finite set of primes S1 Ď Z we can assume that gApiq :" gA Ş g0piq are free A-modules for all i P Z.
3.5
For p P πpAq we write ep :" e Â A 1p. Our definition of an admissible ring ensures that p¨,¨q0 is A-valued on gA, which allows us to define a form p¨,¨qp on gp by setting pb1
and extending by linearity. This also means that χ :" pe,¨q0 P g0 restricts to an element of gÅ " HomApgA, Aq so we can define χp :" pep,¨qp.
3.6
Consider the form Ψ : g0p´1qˆg0p´1q Ñ C; x, y Þ Ñ χrx, ys. The representation theory of sl2, along with the equivariance of the form p¨,¨q0, shows that Ψ is symplectic so that dim g0p´1q " 2s for some s, and we may choose a Witt basis z1, ..., zs, z . Similarly, the C-span is denoted g0p´1q 0 .
3.7
Consider the centraliser g e 0 " tx P g0 : rx, es " 0u. Now sl2-theory tells us that adpeq : g Q piq Ñ g Q pi`2q is surjective for all i ě´1. After inverting finitely many primes S3 Ď Z in A we may assume that adpeq : gApiq Ñ gApi`2q is also surjective for i ě´1. In this case there is a basis x1, ..., xr, xr`1, ..., xm for the free A-module À iě0 gApiq such that x1, ..., xr is a basis for the free A-module g
We may suppose that xi P g0pniq for integers ni P N. Since p P πpAq is not invertible in A it is a very good prime for the root system, and so it follows from the results of [9, §2] along with Lemma 3.1 that g e A Â A p is the centraliser of ep in gp.
3.8 For p P πpAq we now define
Before we proceed we would like to record some basic properties of these algebras.
Lemma 3.5. Suppose that A is an admissible ring containing
The following hold for p P πpAq:
1. mp is rps-nilpotent;
2. χ vanishes on rm0, m0s and rmA, mAs;
3. χp vanishes on rmp, mps and m
Proof. Since each p P πpAq is very good for Φ we have zpgpq " 0. Therefore x P gppiq if and only if adpxq : gppjq Ñ gppi`jq for all j. Now if x P gppiq then adpx rps q " adpxq p : gApjq Ñ gAppi`jq which means that x rps P gpppiq. Now part (1) follows from mp Ď À iă0 gppiq. The same inclusion proves part (4), given g ep p Ď À iě0 gppiq. Part (2) follows from the fact that χ is supported on g0p´2q, and similar for part (3). For part (5) , the first equality is straightforward. The second follows from [9, §2] along with the equality dim g e 0 " dim g0p0qd im g0p1q which may be deduced from sl2-theory. The final equality in (5) is deduced similarly. (2) and (3) of the above lemma we may define a module structure for m0, mA and mp on C, A and p respectively by allowing these Lie algebras to act via χ or χp. These three rings with their module structures shall be denoted Cχ, Aχ and χ,p with unit elements 1χ, 1χ and 1χ,p respectively. Define
By parts
The first of the above three is known as the ordinary Gelfand-Graev module. For indexes pa, bq P Z s ě0ˆZ m ě0 we consider the PBW monomials
By the PBW theorem the images of z a x b with pa, bq P Z s ě0ˆZ m ě0 form a basis for Qχ,0. By abuse of notation we denote these images by the same symbols. The enlargement of A made in (3.6) ensures that Qχ,A is a free A-module with basis tz a x b |pa, bq P Z s ě0ˆZ m ě0 u. We define an important filtration on Qχ,0 by setting |pa, bq|e :"
and declaring z a x b to lie in degree |pa, bq|e.
3.10
We now recall the definitions of the ordinary and modular finite W -algebras, and write the action on the right.
Definition 3.6. The ordinary finite W -algebra is U pg0, eq :" Endg 0 pQχ,0q op .
The modular finite W -algebra is
We regard both of these as right endomorphism rings of their respective modules.
Remark 3.7. The notation U pg0, eq is obviously used to draw parallels with the enveloping algebra U pg0q however the choice of notation p U pgp, epq is less clear. The use of p U follows [22] where two modular analogues of the ordinary finite W -algebra were studied: the first of them is the mod p reduction of a certain A-form on U pg0, eq and this is denoted U pgp, epq, whilst the second analogue is p U pgp, epq. According to [22, Theorem 2.1] the algebra p U pgp, epq is a split central extension of U pgp, epq by a polynomial ring. In a forthcoming joint work with Simon Goodwin [4] we shall explain how to define the modular analogue of U pg0, eq without any reference to C-algebras, and develop their structure theory.
3.11
Note that Qχ,0 is a cyclic U pg0q-module generated by 1 Â 1χ. As such every element Θ P U pg0, eq is determined by p1 Â 1χqΘ. According to Theorem [19, Theorem 4.6] there are endomorphisms Θ1, ..., Θr P U pg0, eq which generate U pg0, eq as an algebra, such that
for scalars λ k a,b P Q, which vanish if either of the following two hold: • |pa, bq|e " n k`2 and |a|`|b| " 1; or
• a " 0 and b1 "¨¨¨" br " 0.
Furthermore loc. cit. states that there exist polynomials Fi,j P QrX1, ..., Xrs with 1 ď i, j ď r such that the only relations between Θ1, ..., Θr are the commutation relations rΘi, Θj s " Fi,j pΘ1, ..., Θrq.
Once again we enlarge A by inverting a finite collection S4 Ď Z of prime numbers, in order to ensure that the scalars λ Remark 3.9.
1. If A is fully admissible and p P πpAq then m0, Qχ,0 and U pg0, eq all contain A-forms which can be reduced modulo p.
The number mintΠpAq :
A fully admissible for Xu is well defined, however in order to estimate this quantity we would need to obtain precise information about the structure constants of U pg0, eq (see [12, §7] for a survey of known results in type A).
3.12
We now reduce the endomorphisms Θ1, ..., Θr modulo p to obtain endomorphisms of Qχ,p. 
3.13
Recall from Section 2 the p-centre Z0pgpq of the restricted Lie algebra gp. There is a natural identification Specm Z0pgpq Ø pgp q p1q and for η P gp we write Iη for the corresponding ideal. We consider the functors
In [22] the notation Q η χ was used to denote πηpQχ,pq. We have chosen to use the operator notation πη as we intend to prove some properties of πη in a very general setting in the next section. We warn the reader that we shall occasionally abuse notation by using πη to denote the projection M ։ M {IηM .
Notice that endomorphisms of a g-module M also preserve IηM and hence they descend to πηpM q. In this way we can define endomorphisms θ η 1 , ..., θ η r P Uηpgp, epq :" Endg p pπηQχ,pq op by writing 1η for the image of p1 Â 1χq in πηpQχ,pq and setting 3.14 We remind the reader of the notation m K p :" tf P gp |f pmpq " 0u. The previous lemma leads immediately to a description of a very nice basis for πηpQχ,pq as a free Uηpgp, epq-module. Write rps :" t0, 1, ..., p´1u and let
We call the set G "the global basis for" Qχ,p. The reason for this nomenclature is explained in the following result, also due to Premet [22, Lemma 2.3] .
The proof requires only Lemma 3.10 above.
Lemma 3.11. For each η P χp`m K p we let πηG denote the image of G in πηpQχ,pq. Then πηpQχ,pq is a free right Uηpgp, eq-module, and πηG is a basis. .
Notice that |G| " m`s´r which equals dpχpq by Lemma 3.5. In other words, πηQχ,p is free of rank Dpχpq over Uηpgp, epq. 4 Modular GGG modules and their central reductions
3.15
Fix η P χp`m K p and order the set G " tb1, ..., b Dpχq u. By the previous lemma every v P πηQχ,p can be written v " ř i πηpbiqci for unique coefficients ci P Uηpgp, epq. Therefore, if u P Uηpgpq has uπηpbiq " 0 for all i then u annihilates πηQχ,p. Now consider the matrix isomorphism Uηpgpq -
4.1
The previous section explained how to start with an ordinary finite W -algebra and reduce into positive characteristic. The context of the main theorem of this paper starts with a Lie algebra in sufficiently large positive characteristic, and attaches a finite W -algebra to each nilpotent orbit. We begin this section by reconciling these two vantage points. In doing so, we shall define all of the objects in the statement of the main theorem using the constructions of the previous section. This will require us to carefully restate our notation. Pick an indecomposable, reduced, crystallographic root system Φ and let G0 be the complex, simple, simply connected algebraic group with root system Φ, Lie algebra g0 and choose a Z-form g Z . For each nilpotent orbit datum X we write O X Ď g0 for the corresponding orbit and choose an element e X P O X satisfying the properties of Lemma 3.1.
Definition 4.1. Let A X be the smallest fully admissible ring for pΦ, O X , e X q and write ΠpXq :" ΠpA X q.
4.2
For p ě ΠpXq we write :" Fp and let G be the simple, simply connected algebraic group over with Lie algebra g (these were denoted Gp and gp in the previous section). Let O Ď g denote the nilpotent G-orbit with label X and denote e :" e X Â Z 1 P gZ Â Z " g, which lies in the G-orbit with Bala-Carter label X by construction. Recall the form p¨,¨q on g0 from (3.3). Since p P πpAq the form reduces to a non-degenerate form on g, which we also denote by p¨,¨q. In order to simplify notation, and bring it into line with that of the introduction and the main theorem, we write e for e Â 1, we write χ " pe,¨q P g˚, we write m for the nilpotent algebra mp Ď g. Furthermore the one dimensional representation of m afforded by χ shall be denoted χ. With these notations in place, we remind the reader of our main objects of study:
p U pg, eq :" EndgpQχq op .
Following [22] we study the Gelfand-Graev module Qχ via its quotients
Qχ{IηQχ where Iη is a maximal ideal of the p-centre. This seems to be part of an extremely general procedure and so we begin by developing some tools in a general setting. For each ideal I of Z0pgq we may consider the central reduction UI pgq :" U pgq{IU pgq.
In the special case where I " Iχ is a maximal ideal of Z0pgq we recover the reduced enveloping algebra Uχpgq " UI χ pgq, where Iχ is the ideal defined in formula (2) of §2. We shall refer to UI pgq as "the reduced enveloping algebra of I". We write V pIq for the elements χ P g˚such that I Ď Iχ. The purpose of this section is to prove some elementary facts about these central reductions of U pgq.
Lemma 4.2. The simple modules for UI pgq are precisely the simple gmodules with p-character χ P V pIq.
Proof. Note that a simple UI pgq-module M is simple as a U pgq-module and so has a p-character χ. Then Iχ is the unique maximal ideal which kills M , and since IM " 0 we must have I Ď Iχ, for otherwise we would find that 1 P I`Iχ kills M .
4.4
We study the functor of "I-coinvariants"
Note that there is a dual theory of I-invariants which shall not interest us here. In the special case where I " Iχ is maximal we may also use the notation πχ :" πI χ .
Lemma 4.3. Let M be a U pgq-module and N be a UI pgq-module.
every U pgq-module map M Ñ N factors through M ։ πI pM q;
2. πI is left adjoint to the inclusion UI pgq -mod Ñ U pgq -mod;
Proof. If ϕ : M Ñ N and IN " 0 then ϕpIM q " 0. So ϕ "φ˝πI whereφ : πI pM q Ñ N ; x`IM Þ Ñ ϕpxq, which proves (1). For (2) we must show that Hom U I pgq pπI M, N q -Hom U pgq pM, N q. We define a map Hom U I pgq pπI M, N q Ñ Hom U pgq pM, N q by x Þ Ñ x˝πI . The injectivity is trivial whilst the surjectivity is part (1).
4.5
Let M, N be U pgq-modules and suppose ϕ : M Ñ N . Then πI induces a map ϕI : πI pM q Ñ πI pN q. For x P M we have ϕI px`IM q :" ϕpxq`IN and once again we may use the notation ϕχ in the case where I " Iχ is maximal.
Corollary 4.4. CokerpϕI q -πI pCokerpϕqq.
Proof. The claim follows from Lemma 4.3 along with the fact that left adjoints are right exact.
4.6
We shall need another elementary lemma.
Lemma 4.5. Let M be a finitely generated U pgq-module. If πηM " 0 for all η P g˚then M " 0.
Proof. We prove the contrapositive. Assume M ‰ 0. Since M is finitely generated and U pgq is Noetherian M has a maximal submodule N , hence a simple quotient M {N which must have a p-character χ. By part 1 of Lemma 4.3 the map M ։ M {N factorises as M ։ πχpM q ։ M {N ‰ 0 so that πχpM q ‰ 0.
4.7
Recall that we write m K Ď g˚to denote the annihilator of m in g˚.
Lemma 4.6. We have that πηQχ ‰ 0 if and only if
Proof. Lemma 3.10 shows that πηQχ ‰ 0 for all η P χ`m K . Conversely if η R χ`m K then η|m ‰ χ|m. It follows that there exists an element x P m such that ηpxq ‰ χpxq. Let 1 Â 1 denote the generator in Qχ. Recall from Lemma 3.5 that χpm rps q " 0 and so px p´xrps´η pxq p qp1 Â 1q " pχpxq p´χ px rps q´ηpxq p qp1 Â 1q " pχpxq´ηpxqq p p1 Â 1q. This means that 1 Â 1 P IηQχ, and so Qχ " IηQχ and πηQχ " 0.
4.8
To finish the section we provide a precise description of the annihilator of Qχ in Z0pgq and show that Qχ is a free module over Z0pgq modulo the annihilator. The proof shall require two facts regarding filtered rings and modules and we shall state these facts in full generality, for the sake of clarity. In order to do so we introduce a little notation. Let R be a Z-filtered -algebra with Ri " 0 for i ă 0 and R0 " . Let M " Ť iPZ ě0
Mi be a filtered module over R. We shall consider the associated graded module grpM q " À iPZ grpM q i where grpM q i :" Mi{Mi´1. Proof. Part (1) follows directly from [14, Proposition 7.6.13] in view of the fact that Ni :" Mi Ş N and pM {N qi :" Mi`N . We sketch the proof of the second part. Pick a homogeneous basis m1, ..., m l for grpM q over grpRq and suppose mi P grpM q d i . Pick elements n1, ..., n l P M with ni`M d i´1 " mi and claim that n1, ..., n l is a basis for M over R. Suppose that there is a linear dependence ř rini " 0
and write D :" maxtdi`d
qmi " 0 is a linear dependence in grpM q between m1, ..., m l which shows that r1 "¨¨¨" r l " 0. The hypothesis that grpM q is finitely generated implies that all of the filtered pieces are finite dimensional over . Now check by induction that for D ě 0 we have
Since m1, ..., m l are a basis for grpM q over grpRq it follows that the left hand side of the equality is equal to dimp À D i"0 grpM q i q. It follows from the general theory of filtered vector spaces that dimp À D i"0 grpM q i q " dimpMDq. We conclude that n1, ..., n l generate M over R, which completes the proof.
4.9
We remind the reader that Z0pgq identifies with regular functions on the Frobenius twist pg˚q p1q and that the ideal of Z0pgq consisting of functions which vanish on χ`m K is written Ipmq.
Proposition 4.8.
Proof. As a consequence of the definitions, Ipmq is generated by elements x p´xrps´χ pxq p with x P m. Using the observations of the proof of Lemma 4.6 we see that these elements annihilate Qχ, and so Ipmq Ď Ann Z 0 pgq Qχ, which proves (1).
By part (1), Qχ is a Z0pgq{Ipmq-module. To prove part (2) we consider Qχ as a filtered Z0pgq{Ipmq-module, both filtrations induced from the PBW filtration on U pgq. By part (1) of Lemma 4.7 the associated graded algebra is grpZ0pgq{Ipmqq " gr Z0pgq{ gr Ipmq " Spgq p {px p : x P mq. Similarly the associated graded GGG module is gr Qχ " gr U pgq{ gr U pgqm χ " Spgq{pmq where U pgqm χ is the left ideal of U pgq generated by x´χpxq with x P m. We have now shown that gr Qχ is a free gr Z0pgq{Ipmq-module of rank p dimpm K q . Using part (2) of Lemma 4.7 we see that Qχ is a free Z0pgq{Ipmq-module of the same rank. Since we use EndgpM q to denote left endomorphisms of M we have p U pg, eq " EndgpQχq op -End R g pQχq, which proves (2).
5.2
We now set ourselves to proving (1). We shall construct an explicit isomorphism between U Ipmq pgq and À Dpχq Qχ in three steps: (i) first of all we define a U pgq-module homomorphism from U pgq to À Dpχq Qχ and show that it is surjective by studying the quotients by centrally generated ideals;
(ii) next we observe that IpmqU pgq is contained in the kernel, so that
(iii) finally, we shall show that both U Ipmq pgq and À Dpχq Qχ are free modules of the same rank over Z0pgq{Ipmq.
This shall complete the proof.
5.3
Recall from Lemma 3.11 that Qχ contains a special subset G such that πηQχ is a free right Uηpg, eq-module with basis πηG for every η P χ`m K . Order the set G " tb1, ..., b Dpχq u and for i " 1, ..., Dpχq we let Qχris denote a copy of Qχ with label i, and let ψi : Qχ Ñ Qχris be the identity mapping. Set ci :" ψipbiq. Now we define
We proceed with part (i) of the proof outlined in paragraph (5.2) . In what follows we use the notation ϕη with η P g˚introduced in paragraph (4.5).
Proposition 5.1. The map ϕ is surjective.
Proof. We shall show that Cokerpϕq " 0. First of all we fix η P χ`m K . The space Kerpϕηq is the set of elements u P Uηpgq which simultaneously annihilate every element of πηG, and by Corollary 3.12 this set is zero. It is well-known that dim Uηpgq " p dimpgq whilst, by part (1) of Lemma 3.10 and part (5) of Lemma 3.5, we have dim πηp À Dpχq Qχq " p dimpgq . This ensures that ϕη is actually an isomorphism. In particular it is surjective. Now taking η R χ`m K we have πηp À Dpχq Qχq " 0 by Lemma 4.6, so that ϕη is trivially surjective. What transpires is that Cokerpϕηq " 0 for all η P g˚and, by Corollary 4.4, we see that πηpCokerpϕqq " 0 for all such η. Now apply Lemma 4.5 to see that Cokerpϕq " 0 as desired.
Remark 5.2. It would be rather convenient if we could complete the proof of the theorem by showing that Kerpϕq " 0 using a similar reasoning as in the proposition. Unfortunately this fails as we do not have πη Kerpϕq " Kerpϕηq in general. This is due to the fact that taking coinvariants with respect to Iη is right exact but not left exact (Cf. Lemma 4.3).
5.5
We shall complete the proof by showing that IpmqU pgq " Kerpϕq. The first thing to notice is that, by Proposition 4.8, the ideal Ipmq kills Qχ and so also kills each ci. It follows that IpmqU pgq Ď Kerpϕq. This constitutes (ii) in the outline of the proof (5.2). To complete the proof we shall show that U Ipmq pgq and À Dpχq Qχ are free modules of the same rank over Z0pgq{Ipmq.
Lemma 5.3.
1. U Ipmq pgq is a free module of rank p dimpgq over Z0pgq{Ipmq;
2.
À Dpχq Qχ is a free module of rank p dimpgq over Z0pgq{Ipmq.
Proof. Part (1) follows from the well-known fact that U pgq is a free module of rank p dimpgq over Z0pgq. Part (2) follows from Proposition 4.8 in view of the equality p dimpm K q Dpχq " p dimpgq which, in turn, follows from part (5) Lemma 3.5.
Now ϕ induces a surjective map
However Z0pgq{Ipmq is a polynomial algebra (being isomorphic to Spgq p {px p´χ pxq p : x P mq) and so if a proper quotient of any free module over Z0pgq{Ipmq is also free, then it necessarily has smaller rank. We deduce that Kerpφq " 0 and part (1) of the main theorem follows. In paragraph (5.1) we showed that p1q implies p2q and so we are done.
5.7
Before we continue we shall state a corollary of the main theorem. Although the following argument is well-known, we record it here for the reader's convenience. Proof. Since U pgq is Noetherian so too is the quotient U Ipmq pgq. A projective generator is a projective U Ipmq pgq-module Q such that every finitely generated projective module P occurs as a direct summand of À N Q for some N ą 0 depending on P . According to [2, §2, No. 8, Lemma 8 (iii)] there is an exact sequence F1 Ñ F2 Ñ P where F1, F2 are free modules of finite rank and so, since projectives admit no non-trivial extensions, P is a direct summand of F2 "
6 Skryabin's equivalence 6.1 With the proof of the main theorem complete we take a moment to explicitly spell out the modular version of Skryabin's equivalence, which follows immediately from the main theorem. We define Φ, X and ΠpXq according to (4.1). Then we choose a prime p ě ΠpXq and let G, g, e, m, Qχ and p U pg, eq have the same meaning as in (4.2). We define the category of "p-Whittaker modules" Wppg, χq to be the full subcategory of U pgqmod consisting of all modules where Ipmq acts trivially. Equivalently these are the modules where IpmqU pgq acts trivially, and so Wppg, χq is just notation for U Ipmq pgq -mod. Then the main theorem subtends the following modular version of Skryabin's equivalence [19 
6.2
We would like to make a comparison between the category of pWhittaker modules, and the category of generalised Whittaker modules. In parallel with the terminology over C we define the category Wpg, χq of "generalised Whittaker modules" to be the full subcategory of U pgq -mod consisting of modules where x´χpxq acts locally nilpotently for all x P m. Proposition 6.2. Wppg, χq is a full subcategory of Wpg, χq.
Proof. Fix x P m. We must show that x´χpxq acts locally nilpotently on every p-Whittaker module V . We shall prove that, in fact, x´χpxq acts nilpotently on V and the nilpotence degree is bounded above independently of V . To this end, we show that px´χpxqq p i P Ipmq for some i ą 0 depending on x. We begin by claiming that px´χpxqq
mod Ipmq for i ą 0. The proof is by induction. The case i " 1 follows straight from the fact that px´χpxqq p´xrps " x p´xrps´χ pxq p P Ipmq. Proof. We adopt the notation of Theorem 6.1. The column space is C " U Ipmq pgqi. By Skryabin's equivalence we have C -Qχ Â p U pg,eq iC, however iC " iU Ipmq pgqi -p U pg, eq as a p U pg, eq-bimodule. Therefore Qχ Â p U pg,eq iC -Qχ as required. To see the final remark it suffices to observe that, quite generally, for any ring R, the right endomorphisms of the column space of Mat Dpχq pRq are isomorphic to R acting by right multiplication, and that the column space is a free module for this action of rank Dpχq 7 The p-characters of p U pg, eq-modules 7.1 We now recall an important theorem regarding the ordinary finite W -algebra. Recall from (4.1) that G0 is a simple, simply connected complex group and let e be some nilpotent element of g0. There is a nondegenerate G0-equivariant isomorphism g0 Ø g0 and suppose e identifies with χ. The subalgebra m0 and the module Qχ,0 was constructed in Section 3, and U pg0, eq is the opposite endomorphism ring of Qχ,0. Skryabin's equivalence asserts that
V is part of a quasi-inverse equivalence of categories. Here Wpg0, χq has the same meaning as per the previous section: it is the full subcategory of U pg0q -mod consisting of all modules upon which x´χpxq acts locally nilpotently for all x P m0. For each simple U pg0, eq-module V the U pg0q-module Qχ,0 Â U pg 0 ,eq V is also simple, and the annihilator is denoted IV . The associated variety of a primitive ideal I is the vanishing locus in g0 of the graded ideal gr I Spg0q after the identification Spg0q Ø Crg0s (see [9, §9] for a survey). The first part of the following was proven by Premet, whilst the second was proven independently by Ginzburg, Losev, Premet at roughly the same time [7] , [13] , [22] . V : V a simple p U pg, eq-moduleu can be distinguished by an invariant, in parallel with the above theorem.
The above set coincides with the set of simple U Ipmq pgq-modules and by Lemma 4.2 these are precisely the simple U pgq-modules with p-character η P χ`m K .
7.3
We recall the definition of a decomposition class in g˚. These are the equivalence classes under the following equivalence relation: we say χ " ψ if there exists g P G such that Adpgqgχ s " g ψs and Ad˚pgqχn " ψn where χ " χs`χn and ψ " ψs`ψn are the Jordan decompositions. Note that the classes are stable under scalar multiplcation. We direct the reader to [24] for a good overview of the theory of decomposition classes in positive characteristics. The rest of the section shall be spent proving the following theorem. 3. The theorem is phrased so as to to draw parallels between characteristic zero (Theorem 7.1) and characteristic p ą 0. We are proposing that the closure of the decomposition class of the p-character might play the role of the associated variety in this theory. Notice that 1. since all simple U pgq-modules are finite dimensional they lie in one to one correspondence with their annihilators;
2. the primitive ideals in U pg0q are G0-stable.
Taken together, these observations ensure that the second claim of the above theorem is a precise analogue of the second claim in Theorem 7.1.
7.4
Given the remarks of (7.2) the above theorem can be seen as a claim about the set χ`m K or, equivalently, about the set e`m Kg where m Kg " tx P g : pm, xq " 0u. There is an obvious definition for a decomposition class in g parallel to the definition in g˚given above (this was the original context for the study of decomposition classes). Using the form p¨,¨q we obtain a bijection g˚Ñ g which preserves decomposition classes. Now Theorem 7.2 will follow immediately from the proposition:
Kg q is the union of all decomposition classes of g containing e in their closure.
7.5
Before we begin the proof of the proposition we introduce some tools and record some observations which shall be needed in the proof. Recall from (3.4) that we constructed a Z-grading on the complex Lie algebra g0 " À iPZ g0piq and the definition of a fully admissible ring ensures that the gApiq are free A-modules. This means that our -Lie algebra is graded g " À iPZ gpiq and, by construction,
Proof. The form κ0 on g0 places g0piq and g0p´iq in a non-degenerate pairing. Since the form p¨,¨q on g is obtained from a mod p reduction of a rescaling of κ0 it follows that p¨,¨q places gpiq and gp´iq in non-degenerate pairing. Now it follows that p À iď´j gpiqq Kg " À iďj´1 gpiq for j ě 0 and so the lemma follows from Proof. Define a ˆ-action on g by µptqx :" t´ix for x P gpiq. Since ρptq " t 2 µptq and since the map x Þ Ñ t 2 x preserves the decomposition classes of g it suffices to show that the classes are µp ˆq -stable. Since g " À iPZ gpiq is a grading it follows that µ :
ˆÑ AutpGq. The main result of [26] shows that the image of µ lies in AdpGq, however the decomposition classes are clearly AdpGq-stable, which completes the proof.
7.7
We are now ready to give a proof of Proposition 7.4.
Proof. First of all suppose that D is a decomposition class of g with D Ş pe`m Kg q ‰ H. Then by (3) for e`x P D Ş pe`m Kg q we have e P ρp ˆq pe`xq. Now since ρp ˆq preserves the decomposition classes (Lemma 7.6) and these classes are G-stable, it follows that AdpGqe Ď D. and now we must check that g " rg, e`xs`m
Kg for x P m Kg . In (3.7) we observed that the modular reduction of the complex centraliser of e is the modular centraliser g e . This shows that g e :" tz P g : rz, es " 0u Ď À iě0 gpiq. This can be rephrased as saying adpeq : gpiq Ñ gpi`2q is injective for i ď´1. By a standard argument using the form p¨,¨q this is equivalent to saying that adpeq : gpiq Ñ gpi`2q is surjective for i ě´1 (see [3, Proof. The content of the claim is IpmqU pgq Ş Z0pgq " Ipmq. Recall that U pgq is a free Z0pgq-module, hence faithfully flat. Now the claim follows from [2, §3, No. 5, Proposition 8].
The image of the composition should be regarded as the p-centre of U Ipmq pgq. We identify it with Z0pgq{Ipmq and denote by ρ : Z0pgq Ñ Z Ipmq pgq the natural projection. The ideals of Z Ipmq pgq identify with the ideals of Z0pgq containing Ipmq. Now for every I Z Ipmq pgq we have an algebra isomorphism U ρ´1I pgq :" U pgq{ρ´1pIqU pgq -U Ipmq pgq{IU Ipmq pgq and the main theorem of this paper implies that the left regular representation of this algebra decomposes as À Dpχq πI Qχ, where πI : U Ipmq pgq -mod Ñ UI pgq -mod; V Ñ V {IV . Following the same argument as was used in (5.1) we conclude that U ρ´1I pgq -Mat Dpχq EndgpπI Qχq op .
8.2
In order to sharpen the previous observation we shall identify EndgpπI Qχq op with a quotient of p U pg, eq. We fix an ideal I Z Ipmq pgq. The centre ZpU Ipmq pgqq acts on Qχ and we let ψ : ZpU Ipmq pgqq Ñ End pQχq denote the representation. The image ψpIq clearly lies in EndgpQχq, and by definition it must lie in the centre of the latter. The map EndgpQχq Ñ EndgpQχq op " p U pg, eq, which identifies the two algebras as sets, is an anti-isomorphism. It restricts to an isomorphism between the centres of the two, and so ψpIq identifies with a (non-unital) subalgebra of p U pg, eq. Certainly ψpIq is not an ideal of p U pg, eq but we may consider the ideal p I generated by ψpIq. Write p UI pg, eq :" p U pg, eq{ p I. If we apply this observation to the case R " p U pg, eq and D " Dpχq, the current theorem will follow from the claim that ψ and Ξ are inverse isomorphisms
The fact that ψ˝Ξ " Id Z p U pg,eq follows from the definitions.
8.3
Recall the reduced finite W -algebras Uηpg, eq from Section 4. An alternative description of these algebras follows from the proof of the theorem.
Corollary 8.3. For η P χ`m K we have Uηpg, eq -p UI η pg, eq.
8.4
The above corollary combines with the main theorem to subtend the following diagram, which clarifies the relationship between the restricted and unrestricted modular finite W -algebras. 
